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. , Banach Hilbert
maximal monotone operator resolvent
.
$E$ Banach , $f$ $E$ $(-\infty, +\infty]$ proper
. ,
$\min\{f(x):x\in E\}$ (1)
. $f$ $E$ $\partial f\subset E\cross$
$E^{*}$ $x\in E$ ,
$\partial f(x)=\{x^{*}\in E^{*} : f(y)\geq f(x)+\langle x^{*}, y-X\rangle, y\in E\}$
1174 2000 205-216 205
, $f$ . $v$ $\partial f$ , $\partial f(v)\ni 0$
$v$ $f$ .
$E$ $A\subset E\cross E^{*}$ , $(x, x^{*}),$ $(y, y^{*})\in A$
$\langle x-y, X^{*}-y\rangle*\geq 0$
monotone . , monotone $A$ maximal
$A$ $E\cross E^{*}$ monotone ,
$B\subset E\cross E^{*}$ monotone $A\subset B$ $A=B$ . proper
$f$ : $Earrow(-\infty, +\infty]$ , $\partial f$ maximal
monotone [24].
$E$ $x$ ,
$J(x)=\{x^{*}\in E^{*} : \langle x, x^{*}\rangle=||x||^{2}=||x^{*}||^{2}\}$
, $J$ $E$ duality . $\partial(\frac{1}{2}||\cdot||^{2})(x)=J(x)$
, $E$ Hilbert $J=I$ ( ) [24].
$A\subset E\cross E$ . $A$ , $(x_{1}, y_{1}),$ $(x_{2}, y_{2})\in A$
$\langle y_{1}-y_{2}, j\rangle\geq 0$ $i\in J(x_{1}-x_{2})$ .
, $A\subset E\cross E$ m- , $A$
$r>0$ $R(I+rA)=E$ . , $E$ Hilbert
$A\subset E\mathrm{x}E^{*}$ maximal monotone m-
, , $\partial f$ m- . $A$ m-
, $r>0$ , $A$ resolvent
$\text{ }=(I+rA)-1$
.
(1) , Martinet [10] Prox-I
imal point algorithm . , resolvent $J_{r}$
. , $H$ Hilbert ,
$J_{r}x= \mathrm{a}\mathrm{r}\mathrm{g}\mathrm{m}\mathrm{i}\mathrm{n}\{f(z)+\frac{1}{2r}||z-x||2$ : $z\in H\}$
(Moreau [11] ).




$\{x_{n}\}$ , (1) (Rock-
afellar [14] ).
, , $T$ 2 . $E$ Banach
, $T$ $E$ $E$ . - Halpern [4]
$x_{0}=x\in H,$ $x_{n+1}=\alpha_{n}x+(1-\alpha_{n})TX_{n}(n=0,1,2, \cdots)$
, Mann [9]
$x_{0}=x\in H,$ $x_{n+1}=\alpha_{n}x_{n}+(1-\alpha_{n})TX_{n}(n=0,1,2, \cdots)$




Mann , . 4
4 .
2
$E$ Banach , $E^{*}$ . $x\in E$ $x^{*}\in E^{*}$
$\langle x, x^{*}\rangle$ .
$E$ modulus $\delta$ , $0\leq\in\leq 2$ $\in \mathrm{i}$ ,
$\delta(\in)=\inf\{1-\frac{||_{X+}y||}{2}$ : $||x||\leq 1,$ $||y||\leq 1,$ $||x-y||\geq\epsilon\}$
. Banach $E$ – $\epsilon>0$ $\delta(\in)>0$






. $E$ Gateaux , $x,$ $y\in U$
, (2) . $E$ – Gateaux
, $y\in U$ , (2) $x\in U$ –
. $E$ Fr\’echet , $x\in U$ , . (2)
$y\in U$ – . $E$ Gateaux
, $E$ duality – . $E$ – (2) $U$
$x,$ $y$ – .
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2.1 $x,$ $y\in E$ . , (1) (2) .
(1) $r\geq 0$ , $||x||\leq||x+ry||$ ;
(2) $\langle y, f\rangle\geq 0$ $f\in J(x)$ .
, .
22 (1) (2) .
(1) $A\subset E\cross E$ ;
(2) $r\geq 0$ $(x_{i}, y_{i})\in A(i=1,2)$ ,
$||x_{1}-x_{2}+r(y_{1}-y2)||\geq||x_{1}-X_{2}||$
.
$A\subset E\cross E$ . , $A$ resolvent $J_{r}$ $r>0$
,
$J_{r}x=\{z\in E:z+rAz\ni x\}$ (3)
, – ([24] ). (3)
,
$J_{r}=(I+rA)-1$ $(r>0)$
. $(r>0)$ , $A$
$A_{r}= \frac{1}{r}(I-J_{r})(r>0)$
, , $A_{r}$ .
23 ( $J_{r},$ $A_{r}$ ) $A\subset E\cross E$ , $r>0$ .
, (i), (ii), (iii), (iv) .
(i) $||J_{r}x-Jry||\leq||x-y||$ $(\forall x, y\in R(I+rA))$ ;
(ii) $A_{r}$ – ,
$||A_{r}x-A_{r}y|| \leq\frac{2}{r}||x-y||$ $(\forall x, y\in R(I+rA))$ ;
(iii) $(J_{r}x, Ar^{X})\in A(\forall x\in R(I+rA))$ ;
(iv) $||A_{r}x||\leq|Ax|$ $(\forall x\in D(A)\cap R(I+rA))$ . , $|Ax|= \inf\{||z||$ :
$z\in A_{X\}}$ .
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$E$ Banach , $A\subset E\cross E$ . ,
$r>0$ ,
$\overline{D(A)}\subset R(I+rA)$
, $A$ (range condition) .
, $A^{-1}0=\{x\in D(A) : 0\in Ax,\}$ $A$ resolvent $J_{r}$
.





25 $E$ Banach , $A\subset E\cross E$
. , $x \in\bigcap_{r>0}R(I+rA)$ , (i), (ii) .
(i) $t_{n}arrow\infty,$ $y= \lim J_{t_{n}}x$ $\{t_{n}\}$ , $y\in A^{-1}\mathrm{o}$ .
(ii) $E$ – , $t_{n}arrow\infty,$ $s_{n}arrow\infty,$ $y= \lim_{narrow\infty}JtnX,$ $y= \lim_{narrow\infty}J_{Sn}x$
$\{t_{n}\},$ $\{s_{n}\}$ , $y=z$ .
, Halpern .
26($rarrow\infty$ $J_{r}x$ ) $E$ – Gateaux
– Banach , $A\subset E\mathrm{x}E$
. $C$ $E$ ,
$\overline{D(A)}\subset C\subset\cap r>0R(I+rA)$
. , $\mathrm{O}\in R(A)$ , $x\in C$ $J_{r}x]$
, $A^{-1}0$ .
$rarrow\infty$ $J_{r}x$ , .
$E$ Banach , $C,$ $D$ . $P..Carrow D$ sunny




2.7 $E$ – Banach , $C$ $E$ . $C_{0}\subset$
$C$ , $P$ $C$ $C_{0}$ retraction . , $x\in C$
$y\in c_{0}$ , $\langle$x–PX, $J(Px-y)\rangle$ $\geq 0$ , $P$ nonex-
pansive , sunny .
Mann .
28 $E$ Fr\’echet – Banach ,
$C$ $E$ . $\{T_{1}, T_{2,3}T, \cdot. \}$ $C$ $C$ ,
$\infty\cap F(T_{n})\neq\emptyset$ . $x\in C$ , $S_{n}=T_{nn-11}T\cdots T(n\in N)$ .
$n=1$
,
$n=1\cap\overline{CO}\{Smx : m\geq n\}\cap U$
– . $U= \bigcap_{n=1}F(T)\infty n$ .
3 Resolvent
, Halpern Mann , resolvent
. Halpern .
31 [6] $E$ – Gat\^eaux – Banach , I
$A\subset E\mathrm{x}E$ . $C$ $E$ ,
$\overline{D(A)}\subset C\subset\cap r>0R(I+rA)$
. $x_{0}=x\in C$ ,
$x_{n+1}=\alpha_{n}x+(1-\alpha_{n})J_{r}xnn$ $(n=0,1,2, \cdots)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{r_{n}\}\subset(0, \infty)$ $\lim_{narrow\infty}\alpha_{n}=0,\sum_{n=0}^{\infty}\alpha_{n}=\infty$ ,
$\lim r_{n}=\infty$ . , $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$
$narrow\infty$
$A^{-1}0$ $u$ . , $Px=uk:k^{\mathrm{Y}}$ $\langle$ $\text{ }$ , $P$ $C$ $A^{-1}0$
sunny nonexpansive retraction .
28 , Mann .
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32[6] $E$ Fr\’echet – Banach , $A\subset \mathrm{I}$
$E\mathrm{x}E$ . $C$ $E$ ,
$\overline{D(A)}\subset C\subset\cap r>0R(I+rA)$
. $x_{0}=x\in C$ ,
$x_{n+1}=\alpha_{n}X_{n}+(1-\alpha_{n})J_{r_{n}}xn$ $(n=0,1,2, \cdots)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{r_{n}\}\subset(0, \infty)$ $\lim_{narrow}\sup_{\infty}\alpha_{n}<1,$ $\lim_{narrow}\inf$ $r_{n}>0$
. , $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}0$
$u$ .
3.1 , .
33 $E$ Hilbert , $A\subset E\cross E^{*}$ maximal monotone .
$x_{0}=x\in E$ ,
$x_{n+1}=\alpha_{n}x+(1-\alpha_{n})J_{r_{n}}xn(n=0,1,2, \cdot ‘ \cdot)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{r_{n}\}\subset(0, \infty)$ $\lim_{narrow\infty}\alpha_{n}=0,\sum_{n=0}^{\infty}\alpha_{n}=\infty$,
$\lim_{narrow\infty}r_{n}=\infty$ . , $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$
$A^{-1}0$ $u$ . , $Px=u$ , $P$ $E$ $A^{-1}0$
.
32 , .
3.4 $E$ Hilbert , $A\subset E\cross E^{*}$ maximal monotone .
$x_{0}=x\in E$ ,
$x_{n+1}=\alpha_{nn}X+(1-\alpha_{n})]r_{n}nx(n=0,1,2, \cdots)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{r_{n}\}\subset(0, \infty)$ $\lim\sup\alpha_{n}<1,$ $\lim_{narrow}\inf_{\infty}$ $r_{n}>0$
$narrow\infty$
. , $A^{-1}0\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}0$ $u$
.
33 34 , proximal point
algorithm .
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35 $E$ Hilbert , $f$ : $Earrow(-\infty, +\infty]$ proper
. $x_{0}=x\in E$ ,
$y_{n}= \arg\min_{Hz\in}\{f(z)+\frac{1}{2r_{n}}||z-X_{n}||^{2\}}$ ,
$x_{n+1}=\alpha_{n}x+(1-\alpha_{n})y_{n}(n=0,1,2, \cdots)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{r_{n}\}\subset(0, \infty)$ $\lim_{narrow\infty}\alpha_{n}=0,\sum_{n=0}^{\infty}\alpha_{n}=\infty$ ,
$\lim_{narrow\infty}r_{n}=\infty$ . , $(\partial f)^{-1}0\neq\emptyset$ , $\{x_{n}\}$




36 $E$ Hilbert , $f$ : $Earrow(-\infty, +\infty]$ proper
. $x_{0}=x\in E$ ,
$y_{n}= \arg\min_{Hz\in}\{f(z)+\frac{1}{2r_{n}}||z-X_{n}||^{2\}}$ ,
$x_{n+1}=\alpha_{n}X_{n}+(1-\alpha_{n})yn(n=0,1,2, \cdots)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{r_{n}\}\subset(0, \infty)$ $\lim_{narrow}\sup_{\infty}\alpha_{n}<1,$ $\lim_{narrow}\inf$ $r_{n}>0$





$E$ Banach , $E^{*}$ . , $E$ $E^{*}$
.
Banach maximal monotone resolvent




$x_{r}$ – . $x$ $r$ $x_{r}$ $J_{r}x=x_{r}$
$J_{r}$ $A$ resolvent . $A$
$F(J_{r})=A^{-1}0$
. $J_{r}$ – , $E$ Banach
$J_{r}$ nonexpansive . - , $A\subset E\cross E$
resolvent
$\hat{J}_{r}x=\{z\in E:Z+rAz\ni X\}$
– nonexpansive . $E$ Hilbert.
$=\hat{]}_{r}$
Kamimura-Takahashi 2
maximal monotone resolvent .
Halpern
$x_{0}=x\in E,$ $x_{n+1}=\alpha_{n^{X+()}}1-\alpha_{n}$ xn $(n=0,1,2, \cdots)$
Mann
$x_{0}=x\in E$ , $x_{n+1}=\alpha_{n}x_{n}+(1-\alpha_{n})J_{r}X_{n}n(n=0,1,2, \cdots)$
, (1) .
, $\{\alpha_{n}\}\subset[0,1],$ $\{r_{n}\}\subset(0, \infty)$ .
4.1 $E$ – – Banach , $- A\subset E\cross E^{*}$ maximal
monotone . $x_{0}=x\in E$ ,
$x_{n+1}=\alpha_{n}x+(1-\alpha_{n})J_{r}X_{n}n(n=0,1,2, \cdots)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{r_{n}\}\subset(0, \infty)$ $\lim_{narrow\infty}\alpha_{n}=0,\sum_{n=0}^{\infty}\alpha_{n}=\infty$ ,
$\lim_{narrow\infty}r_{n}=\infty$ . , $\{x_{n}\}$ , $A^{-1}0\neq\emptyset$
, $\{x_{n}\}$ $A^{-1}0$ $u$ .
42 $E$ – – Banach , $A\subset E\cross E^{*}$ maximal
monotone . $x_{0}=x\in E$ ,
$x_{n+1}=\alpha_{n}x_{n}+(1-\alpha_{n})J_{r}x_{n}n(n=0,1,2, \cdots)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{7_{n}^{\mathrm{B}}\}\subset(0, \infty)$ $\lim_{narrow}\sup_{\infty}\alpha_{n}<1,$ $\lim_{narrow}\inf r_{n}\infty>0$
. , $\{x_{n}\}$ , $A^{-1}0\neq\emptyset$ , {x
$A^{-1}0$ $u$ . .’.
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4.1 42 , 2
.
43 $E$ – – Banach , $f$ : $Earrow(-\infty, +\infty]$
proper . $x_{0}=x\in E$ ,
$y_{n}= \arg\min_{\in zH}\{f(z)+\frac{1}{2r_{n}}||z-X_{n}||^{2\}}$ ,
$x_{n+1}=\alpha_{n}x+(1-\alpha_{n})y_{n}(n=0,1,2, \cdots)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{r_{n}\}\subset(0, \infty)$ $\lim_{n}\alpha_{n}=0,\sum_{n=0}^{\infty}\alpha_{n}=\infty$ ,
$\lim_{narrow\infty}r_{n}=\infty$ . , $\{x_{n}\}$ , $(\partial f)^{-1}0\neq\emptyset$
, $\{x_{n}\}$ $(\partial f)^{-1}0$ $u$ .
44 $E$ – – Banach , $f$ : $Earrow(-\infty, +\infty]$
proper . $x_{0}=x\in E$ ,
$y_{n}= \arg\min_{Hz\in}\{f(z)+\frac{1}{2r_{n}}||z-x_{n}||^{2\}}$ ,
$x_{n+1}=\alpha_{n}X_{n}+(1-\alpha_{n})yn(n=0,1,2, \cdots)$
. , $\{\alpha_{n}\}\subset[0,1]$ $\{r_{n}\}\subset(0, \infty)$ $\lim\sup\alpha_{n}<1,$ $\lim_{narrow}\inf$ $r_{n}>0$
. , $\{x_{n}\}$ , $(\partial f)^{-1}0narrow\infty\neq\emptyset$ , $\{x_{n}\}$
$(\partial f)^{-1}0$ $u$ .
.
45 [7] $E$ – – Banach , $A\subset E\cross E^{*}$ max-
imal monotone . , $A^{-1}0\neq\emptyset$ , $x\in E$
$J_{r}x$ $A^{-1}0$ $u$ $rarrow\infty$ . , $Px=u$
, $P$ $E$ $A^{-1}0$ .
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